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1 Introduction
Motivated by applications in declarative data analysis, we
study DatalogZ—negation-free Datalog with integer arith-
metic and comparisons. As this language is known to be un-
decidable, we propose a new limit DatalogZ fragment that,
like the existing data analysis languages studied in [2, 4, 6, 7,
10–14], is powerful and flexible enough to naturally capture
many important analysis tasks. However, unlike DatalogZ
and the existing languages, reasoning with limit programs is
decidable under mild restrictions on the use of multiplication,
and it becomes tractable in data complexity with additional
restrictions on the use of variables.

In limit DatalogZ, all intensional predicates with a numeric
argument are limit predicates that keep the minimal (min) or
the maximal (max) bounds of numeric values. For example,
if we encode a weighted directed graph using a ternary pred-
icate edge , then rules (1) and (2), where sp is a min limit
predicate, compute the cost of a shortest path from a given
source node v0 to every other node.

→ sp(v0, 0) (1)
sp(x,m) ∧ edge(x, y, n)→ sp(y,m+ n) (2)

If these rules and a dataset entail a fact sp(v, k), then the
cost of a shortest path from v0 to v is at most k; hence,
sp(v, k′) holds for each k′ ≥ k since the cost of a shortest
path is also at most k′. Rule (2) intuitively says that, if x
is reachable from v0 with cost at most m and 〈x, y〉 is an
edge of cost n, then v′ is reachable from v0 with cost at most
m+ n. This is different from DatalogZ, where there is no
implicit semantic connection between sp(v, k) and sp(v, k′),
and such semantic connections allow us to prove decidabil-
ity of limit DatalogZ. We provide a direct semantics for
limit predicates based on Herbrand interpretations, but we
also show that this semantics can be axiomatised in standard
DatalogZ. Our formalism can thus be seen as a fragment
of DatalogZ, from which it inherits well-understood prop-
erties such as monotonicity and existence of a least fixpoint
model [5]. We prove that fact entailment in limit DatalogZ
is undecidable, but, after restricting the use of multiplication,
it becomes CONEXPTIME-complete in combined complex-
ity and CONP-complete in data complexity. These results are
presented in more detail in [9].

What if we want to check whether the cost of the shortest
path from v0 to v is precisely k? Our formalism so far does

not allow to do this via a single query. Thus, we consider a
non-monotonic least upper bound (LUB) operator that allows
us to extract the least/greatest value that is entailed for a given
predicate and objects. We provide a straightforward seman-
tics for the operator by imposing a stratification requirement
on its use in programs. We show that fact entailment in our
decidable fragment of limit DatalogZ extended by the LUB
operator is ∆P

2-complete in data complexity. Our efforts to
determine the combined complexity of the fragment lead us
to an ongoing analysis of its descriptive complexity and raise
questions about its expressive power over metafinite struc-
tures, which we want to answer as part of future work.

2 Preliminaries
In this section, we recapitulate the well-known definitions of
Datalog with integers, which we call DatalogZ.
Syntax A vocabulary consists of predicates, objects, object
variables, and numeric variables. Each predicate has an in-
teger arity n, and each position 1 ≤ i ≤ n is of either object
or numeric sort. An object term is an object or an object vari-
able. A numeric term is an integer, a numeric variable, or
of the form s1 + s2, s1 − s2, or s1 × s2 where s1 and s2 are
numeric terms, and +, −, and × are the standard arithmetic
functions. A constant is an object or an integer. The mag-
nitude of an integer is its absolute value. A standard atom
is of the form B(t1, . . . , tn), where B is a predicate of arity
n and each ti is a term whose type matches the sort of posi-
tion i of B. A comparison atom is of the form (s1 < s2) or
(s1 ≤ s2), where< and≤ are the standard comparison predi-
cates, and s1 and s2 are numeric terms. A rule r is of the form∧

i αi ∧
∧

j βj → α, where α(i) are standard atoms, βj are
comparison atoms, and each variable in r occurs in some αi.
Atom α is the head of r, and the conjunction

∧
i αi ∧

∧
j βj

is the body of r. A (DatalogZ) program P is a finite set of
rules. Predicate B is intensional (IDB) in P if B occurs in
P in the head of a rule whose body is not empty; otherwise,
B is extensional (EDB) in P . A term, atom, rule, or pro-
gram is ground if it contains no variables. A fact is a ground,
function-free, standard atom. Program P is a dataset if, for
each r ∈ P , the head of r is a fact and the body of r is empty.
We sometimes say that P contains a fact α, which actually
means that P contains the rule→ α.
Semantics A (Herbrand) interpretation I is a (not neces-



sarily finite) set of facts. Such I satisfies a ground atom α,
written I |= α, if (i) α is a standard atom and evaluating the
arithmetic functions in α produces a fact in I , or (ii) α is a
comparison atom and evaluating the arithmetic functions and
comparisons produces true . The notion of satisfaction is ex-
tended to conjunctions of ground atoms, rules, and programs
as in first-order logic, where each rule is universally quanti-
fied. If I |= P , then I is a model of program P; and P entails
a fact α, written P |= α, if I |= α holds whenever I |= P .
Complexity We consider the computational properties of
checking P |= α. Combined complexity assumes that both
P and α are part of the input. In contrast, data complexity
assumes that P is given as P ′ ∪ D for P ′ a program and D
a dataset, and that only D and α are part of the input while
P ′ is fixed. Unless otherwise stated, all numbers in the input
are coded in binary, and the size ‖P‖ of P is the size of its
representation. Checking P |= α is undecidable even if the
only arithmetic function in P is + [5].

3 Limit Programs
Note that fact entailment in DatalogZ is undecidable even if
atoms contain at most one numeric term:
Proposition 1. For P a DatalogZ program and α a fact,
checking P |= α is undecidable even if P contains no× or−
and each standard atom in P has at most one numeric term.

We next introduce limit DatalogZ, where limit predicates
keep bounds on numeric values. This language can be seen
as either a semantic or a syntactic restriction of DatalogZ.
Definition 2. In limit DatalogZ, a predicate is either an ob-
ject predicate with no numeric positions, or a numeric predi-
cate where only the last position is numeric. A numeric pred-
icate is either an ordinary numeric predicate or a limit predi-
cate, and the latter is either a min or a max predicate. Atoms
with object predicates are object atoms, and analogously for
other types of atoms/predicates. A limit (DatalogZ) rule is ei-
ther a rule whose body is empty, or a rule where all standard
body atoms are object, ordinary numeric, or limit, and the
head is an object or limit atom. A limit (DatalogZ) program
P is a program containing only limit rules; and P is homo-
geneous if it does not contain both min and max predicates.

W.l.o.g., we make three simplifying assumptions. First, nu-
meric atoms occurring in a rule body are function-free (but
comparison atoms and the head can contain arithmetic func-
tions). Second, each numeric variable in a rule occurs in at
most one standard body atom. Third, distinct rules in a pro-
gram use different variables.

Intuitively, a limit fact B(a, k) says that the value of B for
a tuple of objects a is at least k (if B is max) or at most k
(if B is min). For example, a fact sp(v, k) in our shortest
path example from Section 1 says that node v is reachable
from v0 via a path with cost at most k. To capture this in-
tended meaning, we require interpretations I to be closed for
limit predicates—that is, whenever I contains a limit fact α, it
also contains all facts implied by α according to the predicate
type. In our example, this captures the observation that the
existence of a path from v0 to v of cost at most k implies the
existence of such a path of cost at most k′ for each k′ ≥ k.

Definition 3. An interpretation I is limit-closed if, for each
limit fact B(a, k) ∈ I where B is a min (resp. max) predi-
cate,B(a, k′) ∈ I holds for each integer k′ with k ≤ k′ (resp.
k′ ≤ k). An interpretation I is a model of a limit program P
if I |= P and I is limit-closed. The notion of entailment is
modified to take into account only limit-closed models.

The semantics of limit predicates in a limit DatalogZ pro-
gram P can be axiomatised explicitly by extending P with
the following rules, where Z is a fresh predicate. Thus, limit
DatalogZ can be seen as a syntactic fragment of DatalogZ.

→ Z(0) Z(m)→ Z(m+ 1) Z(m)→ Z(m− 1)

B(x,m) ∧ Z(n) ∧ (m ≤ n)→ B(x, n)
for each min predicate B in P

B(x,m) ∧ Z(n) ∧ (n ≤ m)→ B(x, n)
for each max predicate B in P

For simplicity, in the following we assume all programs
to be homogeneous, involving only max predicates. This as-
sumption can be done without loss of generality as each limit
program can be reduced to a homogeneous one:
Proposition 4. For each limit program P and fact α, a ho-
mogeneous programP ′ and fact α′ can be computed in linear
time such that P |= α if and only if P ′ |= α′.
Example 5. Consider a social network where agents are con-
nected by the ‘follows’ relation. Agent as introduces (tweets)
a message, and each agent ai retweets the message if at least
kai

agents that ai follows tweet the message, where kai
is

a positive threshold uniquely associated with ai. Our goal
is to determine which agents tweet the message eventually.
To achieve this using limit DatalogZ, we encode the network
structure in a dataset Dtw containing facts follows(ai, aj)
if ai follows aj , and ordinary numeric facts th(ai, kai) if
ai’s threshold is kai . We assume that all objects in Dtw are
arranged in an arbitrary linear order using facts first(a1),
next(a1, a2), . . . , next(an−1, an). Program Ptw , containing
rules (3)–(8), encodes message propagation, where nt is a
max predicate.

→ tw(as) (3)

follows(x, y′) ∧ first(y)→ nt(x, y, 0) (4)
follows(x, y) ∧ first(y) ∧ tw(y)→ nt(x, y, 1) (5)

nt(x, y′,m) ∧ next(y′, y)→ nt(x, y,m) (6)
nt(x, y′,m) ∧ next(y′, y)

follows(x, y) ∧ tw(y)
∧
→ nt(x, y,m+ 1)

(7)

th(x,m) ∧ nt(x, y, n) ∧ (m ≤ n)→ tw(x) (8)

Specifically, Ptw ∪ Dtw |= tw(ai) iff ai tweets the message.
Intuitively, nt(ai, aj ,m) is true if, out of agents {a1, . . . , aj}
(according to the order), at least m agents that ai follows
tweet the message. Rules (4) and (5) initialise nt for the first
agent in the order; nt is a max predicate, so if the first agent
tweets the message, rule (5) ‘overrides’ rule (4). Rules (6)
and (7) recurse over the order to compute nt as stated above.

4 Fixpoint Characterisation of Entailment
We next introduce the immediate consequence operator IP of
a limit program P on limit-closed interpretations.



Definition 6. ForP a DatalogZ program and I a limit-closed
interpretation, we write IP(I) for the limit closure of the set

{α | ϕ→ α ground instance of a rule in P s.t. I |= ϕ}

We define I0P = ∅ and InP = IP(In−1P ) for n > 0.

It is easily seen that the operator IP is monotonic w.r.t. ⊆.
Moreover, I |= P iff IP(I) ⊆ I . Monotonicity ensures exis-
tence of the closure I∞P of P—the least limit-closed interpre-
tation such that InP ⊆ I∞P for each n ≥ 0. Clearly, I∞P is the
least model of P .
Proposition 7. For P a limit program and α a fact, we have
P |= α iff I∞P |= α.

Importantly, for each n ∈ N ∪ {∞}, InP can be finitely
represented by a set J of facts containing each object and
ordinary numeric fact in InP , a max fact A(a, k) whenever
A(a, k) ∈ InP and A(a, k+ 1) /∈ InP , and a max fact A(a, ∞̇)
whenever A(a, k) ∈ InP for each k ∈ Z, where ∞̇ is a spe-
cial symbol distinct from numbers in Z. Clearly, each fact
in J is finitely representable. Moreover, |J | is exponentially
bounded in ‖P‖ (and polynomially in data).

5 Decidability of Entailment: Limit-Linearity
Due to multiplication, checking rule applicability requires
solving nonlinear inequalities over integers, which is unde-
cidable.
Theorem 8. For P a limit program and α a fact, checking
P |= α and checking applicability of a rule of P to a limit-
closed interpretation are both undecidable.

Checking rule applicability is undecidable due to products
of variables in inequalities; however, for linear inequalities
that prohibit multiplying variables, the problem can be solved
in NP, and in polynomial time if we bound the number of
variables. Thus, to ensure decidability, we next restrict limit
programs so that numeric terms contain no products between
variables occurring in limit atoms. On the other hand, mul-
tiplication between variables occurring only in ordinary nu-
meric atoms is harmless as such variables can be eliminated
by grounding.
Definition 9. A limit rule r is limit-linear if each numeric
term in r is of the form s0 +

∑n
i=1 si ×mi, where each mi

is a distinct numeric variable occurring in r in a limit atom,
term s0 contains no variable occurring in r in a limit atom,
and each si with i ≥ 1 is a term constructed from integers,
variables not occurring in r in limit atoms, and multiplication
×. A limit-linear program contains only limit-linear rules.1

Entailment for limit-linear programs is decidable. By
Proposition 7 and the observations at the end of Section 4,
it suffices to consider interpretations representable by sets of
bounded cardinality. Additionally, limit-linearity allows us to
bound the magnitude of numbers occurring in such sets.

It can be shown that for limit-linear programs, fact entail-
ment can be reduced to validity of Presburger formulas of a
certain shape. The magnitude of integers in models of such

1Note that each multiplication-free limit program can be nor-
malised in polynomial time to a limit-linear program.

formulas can be bounded double-exponentially in the size of
the original program and exponentially in data, which yields
the following lemma:

Lemma 10. For P a limit-linear program, D a dataset, and
α a fact, P ∪ D 6|= α if and only if a model I of P ∪ D exists
such that I 6|= α and I can be finitely represented by a set
J such that |J | ≤ 2 · |P| · |D|‖P‖ and the magnitude of each
integer in J is bounded polynomially in the largest magnitude
of an integer in P ∪ D, exponentially in |P| · |D|‖P‖, and
double-exponentially in maxr∈P ‖r‖.

By Lemma 10, the following nondeterministic algorithm
decides P 6|= α:

1. guess the finite representation of a limit-closed interpre-
tation I that satisfies the bounds given in Lemma 10;

2. if IP(I) ⊆ I (so I |= P ′) and I 6|= α, return true.
Step 2 is nondeterministic exponential (polynomial in data),
and Step 3, which can be performed on the finite representa-
tion of I , boils down to solving systems of linear inequalities,
which also requires exponential (polynomial in data) time.

Theorem 11. For P a limit-linear program and α a fact, de-
ciding P |= α is CONEXPTIME-complete in combined and
CONP-complete in data complexity.

By restricting limit-linear programs further, we can obtain
a practically useful fragment for which the complexity of fact
entailment goes down to EXPTIME in combined complexity
and PTIME in data complexity, as in plain Datalog. In partic-
ular, the fragment captures the program in Example 5.

6 Accessing Least Upper Bounds
We next introduce the least upper bound operator d.e. Intu-
itively, a fact dA(k)e, for A a max predicate and k ∈ Z, is
satisfied by a limit-closed interpretation I if k is the greatest
number for which predicate A is true in I .

Definition 12. A least upper bound atom (LUB atom) has the
form dαe for α a max atom. A limit-closed interpretation I
satisfies a ground atom dA(a, k)e if k ∈ Z, I |= A(a, k), and
I 6|= A(a, k + 1).

It is easily seen that entailment of LUB facts by (LUB-free)
limit-linear programs is DP-complete in data complexity.

We now study what happens if we allow LUB atoms to
occur in programs. For this, we extend our definition of pro-
grams, admitting LUB atoms in rule bodies. As with stan-
dard atoms, we assume, w.l.o.g., that each numeric variable
in a rule occurs in at most one LUB body atom, and that LUB
atoms share no variables with standard body atoms.

In the presence of LUB atoms, the immediate consequence
operator becomes non-monotonic since such atoms can sim-
ulate negation as failure. Hence, we restrict ourselves to pro-
grams where applications of d.e are stratified in the usual way:
if dB(t)e occurs in the body of a rule and A(s) in the head,
then B must have a strictly lower stratum than A.

We can then define the stratified materialisation S∞P of P
in an intuitive way.

Definition 13. A stratified (limit) program P entails a fact α,
written P |= α, if α ∈ S∞P .



The notion of limit-linearity can be relaxed for stratified
programs by additionally allowing the terms si in Definition 9
to contain numeric variables occurring in LUB atoms. We
call such programs stratified-linear.

Given that entailment of LUB facts by LUB-free limit-
linear programs is DP-complete in data complexity, the fol-
lowing fact is unsurprising:

Theorem 14. For P a stratified-linear program and α a fact,
deciding P |= α is ∆P

2-complete in data complexity.

What about combined complexity? It is not difficult to see
that fact entailment for stratified-linear programs is feasible in
∆EXP

2 (a class in the weak EXP hierarchy). Hardness for ∆EXP
2

follows in a natural way provided stratified-linear programs
capture ∆P

2.

Definition 15. Let γ be a fixed nullary fact and let Dat be a
class of datasets not mentioning γ. We define the subclass of
datasets expressed by a program P (possibly mentioning γ)
over Dat as Dat(P) = {D dataset in Dat | P ∪ D |= γ}.
A class of programs Prog captures a complexity classC over
Dat if for every subclass Dat′ of Dat it holds that Dat′ is
recognisable in C iff Dat′ = Dat(P) for some P in Prog.

By the results in [8], we then obtain the following lemma.

Lemma 16. If stratified-linear programs capture ∆P
2 over

ordered datasets containing no numeric facts, then deciding
P |= α, for P stratified-linear and α a fact, is ∆EXP

2 -hard.

Thus, we are currently working on the proof of the follow-
ing conjecture.

Conjecture 17. Stratified-linear programs capture ∆P
2 on or-

dered datasets containing no numeric facts.

7 Connections to Metafinite Model Theory
While Conjecture 17 is restricted to datasets free of numeric
facts, we see no reason why it should be false for datasets that
have numeric facts, which brings up the following questions:

• Do stratified-linear programs capture ∆P
2 (on ordered

datasets) in the metafinite case?

• Can we extend limit-linear programs (e.g., with nega-
tion on EDB atoms) to capture CONP over datasets with
numbers?

• Can we extend our tractable subclass of limit-linear pro-
grams to capture PTIME over datasets with numbers?

• Are there other natural classes of metafinite structures
that can be captured by (variants of) our formalism?

• What happens if we consider reals instead of integers?

Furthermore, we are interested in exploring the computa-
tional properties and expressive power of variants of our lan-
guage that give up limit-linearity, i.e., allow for multiplication
between variables in limit atoms. Decidability of such for-
malisms can be re-gained by changing the definition of rule
applicability in a way consistent with the formalism in [13].
The computational properties of such logics seem to be re-
lated to the problem PosSLP studied in [1], and thus to the
Blum-Shub-Smale model of computation [3].
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