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Abstracting away

Software engineering abstracts away the physics of computing. The
programmers can be blissfully unaware of it. The level of software
abstraction keeps rising giving opportunities to formal methods.

Quantum computing is currently very much about physics. But the
work on abstracting from physics is under way. The work on
specifying hybrid, i.e. classical/quantum, algorithms is starting,
with some potential for logic applications.



Ostensibly finite → metafinite

The original metafinite idea was related to the evolution of the
state of a software system. Consider for example a salary database
whose current state contains salaries s1, . . . , sn and no other
numbers. The next state of the system may contain a new
number, e.g., the the average salary (s1 + · · ·+ sn)/n. Where did
this number come from?

The state turns out to be an iceberg of sorts: only a finite part
(the primary structure) is exposed while an infinite part (the
secondary structure; in this example, arithmetic) is hidden from
view, inconspicuous.



Ostensibly infinite → metafinite

The purpose of this lecture is to attract your attention to a dual
phenomenon in the quantum world.

The states of quantum systems are manifestly infinite. Yet, as we
will see, they are metafinite, with a conspicuous secondary
structure.



Finite dimensionality

In quantum computing one deals, as a rule, with physical systems
whose state spaces are finite-dimensional Hilbert spaces.
Accordingl we restrict attention to such systems.

Definition. Finite-dimensional Hilbert spaces are complex
inner-product spaces.

The inner product is linear in one argument and conjugate-linear in
the other.



Tensor product

Definition. If V1,V2 are vector spaces with bases B1,B2

respectively then the tensor product V1 ⊗ V2 is the vector space
with a basis B1 × B2.

dim(V1 ⊗ V2) = dim(V1) · dim(V2).



The standard bases

As a rule, a Hilbert spaces H comes, in quantum computing, with
a prefered orthonormal basis. It is called the standard basis and is
traditionally denoted |0〉, |1〉, . . . , |n − 1〉 where n = dimH. This
is applied even if you deal with several Hilbert spaces at once.

Example. If H1,H2 are 2D Hilbert spaces then the standard basis
of their tensor product H1 ⊗ H2 is

|0〉 = |0〉 ⊗ |0〉 |1〉 = |0〉 ⊗ |1〉
|2〉 = |1〉 ⊗ |0〉 |3〉 = |1〉 ⊗ |1〉



A qubit, the simplest genuinely quantum system

The states of a one-qubit quantum system are represented by
nonzero vectors in the 2-dimensional Hilbert space C2. Collinear
vectors represent the same state.

In the standard basis |0〉 = ( 1
0 ), |1〉 = ( 0

1 ), a vector has the form

α|0〉+ β|1〉 = ( α
β )

where α, β are complex numbers.



Composite quantum systems

If Q is a composition of quantum systems Q1,Q2 then the state
space H of Q is the tensor product H1 ⊗ H2 of the state spaces of
Q1,Q2 respectively.

Recall that dim(H) = dim(H1) · dim(H2). If Q is composed of n
qubits then dim(H) = 2n which has important consequences for
the quantum complexity theory.



An aside

Many of the complications of quantum theory are related to tensor
product. If a state s ∈ (H1 ⊗ H2) can be written as s1 ⊗ s2 then it
is separable; otherwise it is entangled. For example, if H1,H2 aare
one-qubit systems then state

|0〉⊗ |0〉+ |0〉⊗ |1〉+ |1〉⊗ |0〉+ |1〉⊗ |1〉 = (|0〉+ |1〉)⊗ (|0〉+ |1〉)

is separable. The state

1√
2

(|0〉 ⊗ |0〉+ |1〉 ⊗ |1〉)

is entangled; this is the famous Bell state (after John Bell) also
known as EPR pair (after Einstein-Podolsky-Rosen).



The metafinite view of quantum states

The state is a linear combination
∑

αj |j〉 of the basis vectors

|0〉,|1〉,. . . ,|n − 1〉. During the evolution, only the coefficients αj

change. Thus a quantum state is a metafinite structure with

I the primary part |0〉,|1〉,. . . ,|n − 1〉,
I the secondary part C, and

I a weight function |j〉 7→ αj .

The secondary structure is conspicuous. This is not a problem.
The secondary strucuture is similar to those used in the traditional
metafinite model theory.

The problem is that n is exponential in the number of qubits.



State evolution: unitary transformations

There are two ways to transform a quantum state. One is to apply
a unitary transformation. Unitary transformations are exactly the
linear transformations that preserve inner products.

For any Hilbert space of finite dimension, there is a finite collection
of unitary transformations — the gates — sufficient to approximate
every unitary transformation with any desired precision.



Example. A sufficient set of unitary gates

One-qubit gates (applied to any qubit), H and T , such that

H|0〉 = 1√
2
(|0〉+ |1〉) T |0〉 = |0〉

H|1〉 = 1√
2
(|0〉 − |1〉) T |1〉 =

√
i |1〉

A two-qubit gate (applied to any two qubits).

cNOT |0〉|b〉 = |0〉|b〉
cNOT |1〉|b〉 = |1〉|1− b〉



State evolution: Measurements

A projective measurement (other kinds of measurements reduce to
projective ones) is a randomized projection.

Example. Given a unit state vector α|0〉+ β|1〉, the projective
measurement in the standard basis |0〉,|1〉

I with probability |α|2, projects α|0〉+ β|1〉 to |0〉, and

I with probability |β|2, projects α|0〉+ β|1〉 to |1〉.



The complexity angle

Recall that BPP, bounded-error probabilistic polynomial time, is
the class of decision problems solvable in polynomial time with an
error probability ≤ 1/3 for all instances.

BQP, bounded-error quantum polynomial time, is the quantum
analogue of BPP.

BQP is the class of decision problems solvable by a quantum
computer in time polynomial in the number of qubits with an error
probability ≤ 1/3 for all instances.

P ⊆ BPP ⊆ BQP ⊆ PP ⊆ Pspace.



Final remark: Infinity may be a fake

Infinity is useful for our models of reality; there is no doubt in that.
But, saying that, let me as whether infinity is real. but is it real?

As far as real world is concerned, infinity may be a fake. The
physical world seems to be finite in space and time.

The real numbers had seemed to be more real than us . . . until set
theory showed how illusive is the set of genuine reals is. Similarly
infinity itself may be illusive.

What about different actual infinities, like ℵ0 and 2ℵ0? These may
reflect different rates of growth of potentially infinite sets. Besides,
any uncountable set of one set theoretic model may be countable
in another.


